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Math League Contest ~ Spring 2025

Directions: You have one hour to take this test. Scrap paper is allowed. The use of calculators is NOT
permitted, as well as computers, books, math tables, and notes of any kind. You are not expected to answer
all the questions. However, do not spend too much time on any one problem. Four points are awarded for
each correct answer, one point is deducted for each incorrect answer, and no points are awarded/deducted
for blank responses. There is no partial credit. Unless otherwise indicated, answers must be given in exact
form, i.e. in terms of fractions, radicals, =, etc.

1. A 2x2 determinant is defined as: =a-d—Db-c. What value for X satisfies the equation

b
C

241 X ) . )
‘ . i =1—i? Where i =+/—1. Give the answer in a+bi form.
| —1

2. At how many points do the graphs of Y = x? and y =1.1% intersect?

3. What day of the week will be 2025 days after next Monday?
A) Tuesday B) Wednesday C) Thursday D) Friday E) Saturday

4. What is the area enclosed by the graph of | X|+]|y|=1?

A)% B)% Q) 1 D) V2 E) 2

5. How many different triangles can be formed if one side has length 2024, another side has length 2025,
and the length of the third side must be an integer?

6. Ifa’+bh’= 2025, where a and b are positive integers, then what is the value of a+b?
Hint: 2025 is a perfect square.

7. Foratwo-child family, if we know that at least one of the children is a boy, then what is the probability
the other child is a girl? Assume the probability of giving birth to a girl is equal to the probability of
giving birth to a boy (i.e. they are both %2).
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10.

11.

12.

13.

14.

15.

16.

The sum E i"=i% it ri? it it . +1%9% where i = /-1, simplifies to

B) 1 Qi D) 1-i E) 1+i

N 2\/5 equals which of the following?

A) 72 B) /2 Q) V63 D) V3-1 E) Y10-1

If all 720 permutations (i.e. arrangements) of the digits 1 through 6 are listed in numerical order:
{123456, 123465, 123546, ..., 654321} , then what would be the 400th number in the list?

JJ200 .,

What value of X solves the equation X = 2

Which is the correct ordering of —l0og g 4(10), log; 1(10), and log (;) (20)?
0.9

A) —log4(10) < |09(0%)(10)<|091.1(10) B) —|090.9(10)=|09(0719>(10) <log, ;(10)

C) —logg4(10) =log, ,(10) < |09(0719) (10) D) log,4(10) <—log(¢(10) = |09(0719)(10)
E) —loggg(10) = |09(0719)(10) =log, ;(10)
) 2x°-5x+1
What is the sum of all solutions, X, to the equation (X —X— 7) =17?
A square has two dashed lines drawn, one with a length of 4 from the upper left \\\
corner to the right side, the other with a length of 1 perpendicular to the first line 4 S
to the bottom side, as shown. What is the length of the sides of the square? \\c

Which of the following statements imply that the positive real number X is irrational?

L. \/; is irrational. A) Tonly.

II.  7Xisrational B) Iand Il only.
C) Il and III only.

D) Il and IV only.
E) II, III, and IV only.

m. x2
V. X~

is irrational.

1. . .
is irrational.

The equation Iog3 (3&) = 3/Iog 3(X) has three solutions. What is the largest of the three solutions?



17. Which of the following graphs best represents the graph of y = log (x)?

18.

19.

20.

¥ y

A) = B S
¥ ¥y

Q) * D) *
¥

E) *

sin(2°) +sin?(4°) +sin?(6°) + ... +sin?(88°) +sin?(90°), i.e. the sum of the squares of the sine of

angles with even degree measure from 2° through 90°, equals?

A) 272 B) 22 C) 23 D) 235 E) 5+6+2+63

For what value of n is the sum
1 1 1

. 1 1
;ﬁwm:ﬁ+ﬁ+ﬁ+ﬁ+ﬁ+ﬁ+"'+—ﬁ+m

equal to 10?7

If the day before two days after the day before tomorrow is Monday, then what day is it today?
A) Sunday B) Monday C) Tuesday D) Wednesday E) Saturday
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241 X

e Q+)2-i)—ix=1-i = 4-i’—ix=1-i = 4—(-D)-ix=1-i
1 —1

= S-ix=1-i = ix=4+i = x:4-_H:1—4i Answer: 1 -4

l

A rough sketch of the two functions clearly shows two points of intersection
near the origin. However, we know that exponential growth (no matter how
slow) will always eventually overtake any power function. Thus, there must

{

be a third point of intersection for some “large” x-value.

Incidentally, that “large” x-value is nearly 96. I =
2025 divided by 7 is 289 with a remainder of 2. Thus, 2025 days after a Monday is 289 weeks plu
2 days. Therefore, it will be a Wednesday.
The graph of | x|+| y|=1 is a square with sides length V2, as shown. Thus, | 7

1
2 .
the areais V2 =2. /

s

N

In order for three line segments to form a triangle, the sum of the two smaller sides must be greater
than the longest side. Thus, the smallest (integer) third side is of length 2, since 2 +2024 > 2025.
Then we can have integer lengths of 3, 4, 5, ..., 2025, until the new third side becomes the longest
side. Then the new side can be 2026, 2027, ..., 4048 (i.e. 2024 +2025—1). Hence, the third side
may be any integer from 2 through 4048, giving 4047 different values and 4047 different triangles.
|Answer: 4047\

2025=45" = a’+b* =45 = a*=45>-b* = a’ =(45-b)(45+b) Certainly, if both 45-b
and 45+ b are perfect squares, then so will be their product. If 5 =9, then 45—b is perfect square,
but 45+5b isnot. If b =20, then 45—5 is perfect square, but 45+ 5 is not. If b =29, then 45-b
is perfect square, but 45+5b is not. If b=36, then 45—-bH=9 is perfect square, and so is
45+b=81! This yields a’ =(45-36)(45+36)=9-81. Thus, a=+/9:81=3-9=27. The
wording of the problem implies there is only one possible value for the sum. Thus, either a =27

and b=36,0r a =36 and b =27. Ineither case, a+b =63.

The sample space (i.e. the set of possible outcomes) for a two-child family is {BB,BG,GB,GG},

where BG represents the first born is a boy and the second born is a girl and GB indicates the first
born is a girl while the second born is a boy — with each outcome equally likely. Since we know
there is at least one boy, we can eliminate the GG case, leaving only the three cases {BB,BG,GB}.

Of the remaining three cases, two of them have the other child being a girl. Thus, the probability the
other child is a girl is 2/3.




POt it i i OB M 2 i (D) (<) + 1+ .. + (=) +1+i, Qe the

powers cycle in groups of four (n=0,1,2,3; n=4,5,6,7; and so on through
n =2020,2021,2022,2023 ) with each group summing to 0. Thus, the sum for n =0 through

n =2023 is 0, leaving only i22% =1 and i % =1 Hence, the sumis 1 +1.

Since all five choices can be expressed as \/Z—\/E, let’s start by assuming the expression can be
represented as such. Thus, we start with \/4—2x/§ = \/E—\/Z and then square both sides to
obtain: 4—2/3=a- 2\/% +b or 4-23=a+b-2\/ab. Equating corresponding terms gives:
(1) a+b=4 and 2) ab=3. Solving these yields a=1 and b=3,0or a=3 and b=1. However,

\/I—\/E<O,While \/4—2\/§>O.Thus,a=3 and b =1.

10.

123456 and 213456 and 312456 = There are 5!=120 numbers that begin with a 1, 5!=120
—_— — —
51=120 5!=120 5!=120

numbers that begin with a 2, and another 5!=120 numbers that begin with a 3. Hence, there are
3(5")=360 numbers that precede 412356. We need 40 more to get to the 400t

412356 = There are 4!=24 numbers that start with 41. We need 16 more. 421356 and
—— =
41=24 31=6

423 LSQ = There are 2(3!) =2-6 =12 numbers that start with 421 or 423.

31=6
We need 4 more: 425136, 425163, 425316, and 425361. Answer: 425361|

11.

We need to rewrite 2V2% so the base and the exponent are the same.

1. . 42 2
2m:2m:21m:2;mﬁ:ﬁzoﬁ:ﬁ“ﬁ:(ﬁs) :(4J5)4 P o x=42

Answer: x =42 =~/32 =272

12.

Let y=~logg(10) =loggy(107') = 0.9% =107 = (o.9y)_1 =(10‘1)_1 = (0.9‘1)y =10

y
which is (%} =10. Taking log(L) of both sides of the last equation gives:

0.9

y=log;,,(10). Thus, —log,¢(10)=1log, , \(10). Since L:1.111...>1.1,then
() | () 0.9

log( )(10) <log; ;(10). Thus, the correct ordering of the values is choice B.

1
0.9




13.

2x7=5x+1 5 5
) =1 = Either: (1) x*—x—7=1 and 2x° —5x+1 can be any value, or

(xz—x—7

©) 2x2-5x+1=0 and xz—x—7¢0,or@ x?>—x-7=-1and 2x> —5x+1 is even.

1 33

-t
2

with x2 —x—7#0 @xz—x—7:—l = x?—x-6=0 = x=-2,3. When x=-2,
2x2—5x+1=19 odd ¥ When x=3, 2x>—5x+1=4 even vV’

Thus, the sum of the solutions is: [% + @J + [ ! \/gj + {% — @j + {% + gj +

T

@ 2x2-5x+1=0 = x="+ y

IRV

D x?-x-7=1= x>-x-8=0 = x

3=
2

2 2

Answer: % =6.5

14.

4x The two resulting triangles are similar, with the larger having 4 times the
~ dimensions (as illustrated by the hypotenuses). Applying the
ey Pythagorean Theorem to the larger triangle gives:

Rt ¥ G2+ (4x)? =42 = 25x2=16 = x:%.

The square has sides of

length 4x = 4(iJ = E
5 5

Answer: % =32

1_// X
)

15.

L. \/; being irrational does not guarantee x is irrational (e.g. \/E is irrational, but 2 is rational). %
II. 7x being rational does imply that x cannot be rational, since the product of an irrational

number (77 ) and a non-zero rational number is irrational. 4

1. x* being irrational does imply that x is irrational, since the square of a rational number will be
rational. ¥’

. x! being irrational does imply that x is irrational, since the reciprocal of a non-zero rational

Answer: E

number will be rational.

16.

logs (3fx) = Ylog; (1) = logs(x'""*) =3flog;(x) = %10g3(x):3/10g3(x), now cube both

sides to obtain: %1og§(x):1og3(x) = log3(x)—27log;(x) =0 = 1og3(x)(1og§(x)—27)=o
x=3_\/ﬁ x=3\/ﬁ

= log;(x)=0 or logg(x)—27:() - or 10g3(x)=i\/ﬁ N
Answer: 3\/ﬁ = 33J§ = 27\/g

or

With x =3Y27 233V3 _ 973

the largest of the three solutions.




17. | y=log,(x) = x= y?, which is the inverse function of y = x*. Thus, the y

graph of y=log,(x) can be obtained by reflecting the graph of y = x*

about the line y =x. Plotting some select points of y=x" will give

us an idea of its graph. As x—0, x*—>1; when

x=0.5,y =0.5%3 =1/2 =\/5/2 ~0.7; when x=1, y =1; then for x >1 :

the graph increases faster and faster (i.e. concave up). The reflection of the ~# | x

graph shown about the line y = x (dashed line) is best represented by choice C.
18. | Since the sine and cosine of complementary angles are equal, i.e. sin(x°) =cos(90°—x°), we can

replace the sine of all the angles from 46° through 88° with the cosine of the complementary

angles and sin(90°) with 1:

sin?(2°) + sin?(4°) + ... + sin?(42°) + sin” (44°) + cos (44°) + cos® (42°) + ... + cos>(4°) + cos? (2°) + 1

Now group them to make use of the Pythagorean identity (22 times):

sin?(2°) + cos? (2°) + sin?(4°) + cos? (4°) + ... +sin? (42°) + cos? (42°) + sin*(44°) + cos*(44°) + 1

1 1 1 1
=1+1+...+1+1+1=23
22
—vk+1
19. | Multiply each term by the conjugate of the denominator over itself, i.e. by \/z—k :
N
:i 1 '\/%_Vk—i_l:i\/;_\/k—'—l:i\/E_\/k+1=i<\/ﬁ—\/z)
et Jk+h+1 Nk -1 & k—(k+1) &~ -] L
= (ﬁ—ﬁ)+(ﬁ—\/§)+(ﬁ—ﬁ)+(ﬁ—ﬁ)+ ...+(\/——\/n—1)+(\/n+1 —\/;)
=—N+Vn+1=Vn+1-1

Now solve vn+1—-1=10 forn: vn+1=10+1 = n+1=11> = n=121-1=120
20. | Let’s call today x, so tomorrow is x+1. The day before tomorrow is today, x. Two days after the

day before tomorrow is x+ 2. The day before two days after the day before tomorrow is x+1,

which is tomorrow. So, if tomorrow is Monday, then today is Sunday.
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